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We now and henceforth assume that (1) has a solution on [a, b] such that
) and aί c?
Proof. By hypothesis the lemma is true for i -1. Suppose that, for some i such that lgi^^-1, the statement holds. Integrating and multiplying by (-l) fc ί +1 we have
on (α, 6) and at c* +1 . This completes Lemma 1.
LEMMA 2. We feα^e
Proof. We proceed by induction on i (i = w -1, , 1, 0). Now
Ja
Now suppose that, for some i (n -1 ^ i ^> 1), the statement holds. Then, integrating (4) 
=
Γb Γb Cb \ u n (u f -y 1Q uydx + I f Q u 2 dx --1 u n u' 2 dx .
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Suppose that, for some k such that 1 ^ k ^ n -1,
Using (10) and (12) with i -k, and substituting for the last term in (13), we obtain (13) with k replaced by k + 1. Hence (13) holds for k -1, , n\ with k = n, using the fact that u nn = / n , and multiplying by (-If, we have (11). LEMMA 
Let u(x) be a function such that
(Note that (14) implies that the zero of u
Proof. Our concern is with possible zeros of y {i) (i = 0, , w -1) on [α, 6] ; by Lemma 1, the only possible zero of 2/ (i) is at c n _ iβ Let i be such that Ogi^%-1, and suppose that y (6) is modified to make q^^d^) -0 (i -0, , n -1).
Further, equality obtains if and only if u(x) = cy(x) and
Proof. The Theorem follows immediately from the lemmas, except for the last statement, which follows from the fact that equality obtains if and only if u {t+1)
5 The reciprocal inequality. We now derive a set of inequalities which includes (3); we prove THEOREM 
Let the f^x) (i = 0, -,n) and y(x) satisfy the hypothesis of Theorem
Proof. The proof is similar to that of Theorem 1, so we present it here in less detail. Let r i5 -y {n~%) \v 5 \ then, formally, 6. Concluding remarks. If we want (16) for only one particular value of k (k < n), we need correspondingly less hypotheses on y(x) and its derivatives, u(x) and its derivatives, and f^x) (i = 0, •• ,w), since only k + 1 of the functions in each of these sets are actually involved in any of the proofs.
Since (-l)"~*/ΐ(αθ <Ξ 0, from (2) we may delete any combination of terms excluding the last, and to the right-hand side of (16) which perhaps corresponds more obviously to (16) than does (2) . Finally, the set of allowed values of (k Q k n ) can be split into halves such that one half, together with the inequality Ly ^ 0, and also the other half, together with Ly <Ξ 0, will produce the inequalities. 
